In this paper we give results on (p-)blocks with the defect groups isomorphic to an extra special group of order p 3 . We are particularly interested in the number of irreducible ordinary characters, and the number of irreducible Brauer characters in the block. The situation splits naturally into two cases according to the exponent of the extra special group in this paper we concentrate on the exponent p case.
Introduction
In this paper we shall use I.M. Isaacs' approach to block structure, [16] . We consider a block, B, as a union of two sets, a set of irreducible ordinary characters of G, of cardinality k(B), and a set of irreducible Brauer characters of G, of cardinality l(B).
Brauer's k(B)-Conjecture [3] states that the number of ordinary irreducible characters in a block is less than the order of the defect group, D. We aim to continue the investigation of this conjecture in the case where the block has an extra special defect group of order p 3 with p odd. We shall denote such a block by B and a defect group of B by D to distinguish it from the general ✩ Research supported by the EPSRC.
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case (B and D).
The extra special groups of order 8 are covered by the work of Brauer [6] and Olsson [22] hence we work with only odd primes. This paper continues the work in [14] where Brauer's k(B)-Conjecture was shown to hold in the exponent p 2 case. It also showed that Olsson's Conjecture holds for the exponent p 2 case and in a special case when we have exponent p. This work uses many of the results proved [14] and familiarity with the work is assumed. Therefore we also assume the definitions from [14] -see Appendix A for a summary.
Here we carefully examine the action of the inertial quotient on the defect group using Dickson's Theorem, and results of Olsson [24] , allow us to make some progress towards the two conjectures in this case.
Here the fusion in the block is not necessarily controlled by the inertial quotient as in the exponent p 2 case. Hence it is not always possible to calculate k(B) − l(B) explicitly when we only have knowledge of the inertial quotient. But by applying Olsson's results on inequalities for block theoretic invariants, for p > 7, we are able to show that, under a certain assumption, Brauer's k(B)-Conjecture holds. We also show, again for p > 7, that all the subsections cannot be major. This gives us more cases where Olsson's Conjecture holds. We also apply the theory of lower defect groups as developed by Olsson in [23] 
to gain information about the value of l(B).
We use a number of results from [23, 24] and a familiarity with this research is also assumed.
We also apply earlier results to the exponent p case for the primes 3, 5 and 7. We calculate the block invariants where possible, and show when we can deduce that Olsson's and Brauer's Conjectures hold.
Preliminaries
Here we give the hypothesis which will be assumed for the remainder of the paper, then state some definitions and Dickson's Theorem, which will be important for the two main results in this paper.
Hypothesis
Fix a prime p > 2. Let G be a finite group with order p a q where p q. Let (K, L, F) be a p-modular system where L is a complete local discrete valuation ring of characteristic zero such that the quotient field, K, contains all |G|th roots of unity and L/M = F is a field of characteristic p, where M is the unique maximal ideal of L.
Let Bl(G) be the set of blocks of G, and let Bl(G | D) be the set of blocks with defect group D. Let B be a block of G with an extra special defect group, D of order p 3 . (We shall restrict to exponent p 2 later.) We shall use B and D when we mean a block with an arbitrary defect group.
The extra special groups as defect groups
We shall restate some required background from [14] . We start with the definitions of the Extra Special Groups.
The extra special groups

Definition 2.1. A p-group G is called extra special if |Z(G)| = |G | = |Φ(G)| = p.
For each odd prime p, there are just two non-isomorphic extra special groups of order p 3 . One of exponent p (for which we write p 1+2 + ) and one of exponent p 2 (for which we write p When we refer to x, y and z, we refer to those occurring in the above presentations.
The structure of the extra special groups
We shall denote an arbitrary maximal subgroup of D by Q and a subgroup of order p by P . The center of D, which is contained in all the maximal subgroups, shall be denoted by Z. If a maximal subgroup is elementary abelian then we shall normally assume that it is generated by x and z, where z generates Z. If the maximal subgroup is cyclic, specifically, then we may refer to it as Y = y . In particular the group p 
Proposition 2.2. If D is extra special of order p 3 and exponent p, then the outer automorphism group of D, denoted by Out(D) is isomorphic to GL 2 (p). The action of Out(D) on D is equivalent to the following. For
We refer to Doerk and Hawkes [12, §A, 20 .8] for a proof.
Outer automorphism groups of the maximal subgroups
If a maximal subgroup of D is elementary abelian of order p 2 , then it can be considered as a vector space over F p . It is easy to see that this has outer automorphism group isomorphic to GL 2 (p) with the natural action.
If a maximal subgroup of D is cyclic of orderp 2 , then the outer automorphism group is isomorphic to C p C p−1 with the non-trivial action of C p−1 . See Doerk and Hawkes [12, §A, 21.1(b)].
Exponent p
We now concentrate on the exponent p case and show that under a condition on the major subsections, Brauer's k(B)-Conjecture holds for p > 7. We consider the smaller primes later. We also prove that if p > 7 then there always exists a non-major subsection. This does not hold for p = 3 and 5 but we are unsure at present about p = 7. Along the way we prove some results about the value of l(b) for the major subsections and under strong assumptions we give the value of l(B). We then drop the assumptions to calculate l(B) − m (1) G,B (1) . We give some corollaries which improve the calculation, and finally, assuming that the defect group is normal we give an upper bound for l(B).
Remark. Throughout the remainder of the paper B will be a block of G with an extra special defect group of order p 3 and exponent p. We fix a Sylow B-subpair (D, b D ) and for a p-subgroup R of D let b R be the unique block of RC G (R) such that (D) and Z be the center of D. We shall state general results using B and D. We first give some definitions and an important theorem that will be relevant for the major results in the paper.
Definitions and Dickson's Theorem
Definition 2.3. Let B be a block with defect group D. We can consider I acting on D/Z as the natural action of GL 2 (p) on a two dimensional vector space. We define a vector space V ∼ = D/Z where an element uZ corresponds to the vector v u . Let the basis of V be {v x , v y }. Then we set (i, j ) = v x i y j . We also have a correspondence between the p + 1 maximal subgroups of D and the 1-spaces of V in the following way. Q = u, z corresponds to the 1-space generated by v u which we label V u .
where η ∈ {∞, 0, 1, . . . , p − 1}.
We give the following theorem of Dickson on the subgroup structure of PGL 2 (p) that we shall apply a number of times through the paper.
Theorem 2.5 (Dickson). Let H GL 2 (p). Then Ψ (H )
is one of the following. 
Cyclic of order dividing
p ± 1. 2. Dihedral (a subgroup of D 2(p±1) ). 3. A 4 for p > 2. 4. S 4 for p 2 − 1 ≡ 0 (mod 16). 5. A 5 for p = 5 or p 2 − 1 ≡ 0 (mod 5
There exists a non-major subsection
In this section we prove that we always have a non-major subsection, unless p is small. We first prove a well-known lemma we require for our result.
Hence, we have 
Hence
We now prove our main result in this section. Proof. We assume that all the subsections are major and prove this theorem by contradiction. By Brauer [5, 4A] , this is equivalent to assuming that all the cyclic subgroups of the defect group are conjugate. We see that, in most cases, this would require a p-element to be contained in the inertial quotient of the defect group, contrary to the fact that the inertial quotient is a p -group.
Fix a Sylow B-subpair (D, b D )
. Using x, y and z as in the presentation in Definition 2.1 take Q = x, z , a maximal subgroup of D of order p 2 . Then there exists by Olsson [25, 1.6] 
From [14, Proposition 4.7] we may assume
and from [14, 3.10] we have
Without loss of generality, we may assume
Let λ ∈ F p be primitive (that is |λ| = p − 1). Then we have
.
From Lemma 3.1, we have that
So we can consider the action of γ on D = x, y, z
This gives rise to an element, Γ of
We consider Γ acting on the vector space V ∼ = 
As before, we first assume that Γ 1 and Γ 2 fix a common subgroup. Then we know that Π lies inside the subgroup AGL 1 (p) of PGL 2 (p) since this is the point stabilizer. In the language of projective geometry we can assume without loss of generality that Ψ (Γ 1 ) fixes ∞ and 0, and that Ψ (Γ 2 ) fixes ∞ and a = 0. We can write the group AGL 1 (p) in the following ways
We know that the order of both Ψ (Γ 1 ) and Ψ (Γ 2 ) is p−1 3 and we can represent these elements in the following way The following corollaries are simple deductions from the proof above. 
Then the subsection (w, b w ) is non-major and
I G (Q, b Q ) = I N G (D,b D ) (Q, b Q ) (by Proposi- tion 4.7 [14]). Corollary 3.4. Let B ∈ Bl(G | D). Suppose that p / ∈ {2,
Corollary 3.5. Let B ∈ Bl(G | D). Suppose that D contains a maximal subgroup Q for which
I G (Q, b Q ) = I N G (D,b D )∩C G (Z) (Q, b Q ).
Then Olsson's Conjecture is satisfied for B.
The following result is also evident from the proof above, which can be seen as an extension of Proposition 4.8 [14] .
Proposition 3.6. Let B be a block of G with an extra special defect group isomorphic to
p 1+2 + . Let (D, b D ) be a Sylow B-subpair and let (w, b w ) ∈ (D, b D ) be such that w is non-central.
Suppose that the number of G-conjugacy classes of major subsections, n B is not equal to 2. Then (w, b w ) is non-major and the fusion is controlled by D.
Suppose further that there exists a non-central element
Proof. Suppose that (w, b w ) is major. Then as in the above proof, we may assume that there exists an element
where λ is primitive in F p . This has determinant λ and from the action (1) This result gives Olsson's Conjecture in more cases than our earlier result [14, 4.10] but it is more difficult to check that the conditions hold. In Section 6 we will calculate when this result holds for p = 3, 5 and 7.
Our last corollary of Theorem 3.2 demonstrates how this work may be applied. The next part contains the main result of this section in two stages. We first give an upper bound for the sum of the l(b)'s for the non-major subsections. In the second we combine the first with the result on the major subsections to show that under an assumption, Brauer's k(B)-Conjecture holds.
Sufficient conditions
We first state the required result of Olsson before proving two sets of sufficient conditions for Brauer's k(B)-Conjecture to hold. In the first we assume Olsson's Conjecture holds, in the second we only assume that a non-major subsection exists. 
Proof. We know from [14, Section 3.7] that the height of all the characters is less than or equal to 1, therefore from Olsson's result (Theorem 4.1), we have
We know that k 0 (B) = 0, by definition, so we have
Hence, if Olsson's Conjecture holds and k(B)
Remark. Given our earlier result, (3.2) the following result applies for all blocks with extra special defect groups of order p 3 and exponent p if p > 7.
Proposition 4.3. Let B be a block of G with an extra special defect group of order p 3 and exponent p. Let n B be the number of conjugacy classes of major subsections. Assume that there exists a non-major B-subsection. Then Brauer's k(B)-Conjecture holds if
Proof. The proof is similar to that above except that, since we only know that a non-major subsection exists, we can only apply [14, 4.4 
] to bound k 0 (B). 2
If the inertial quotient of B has trivial intersection with SL 2 (p), then all the major subsections have only one irreducible Brauer character. By applying Robinson's result, [26, Theorem 3.4] this is enough to show that Brauer's k(B)-Conjecture holds. In fact, we get a stronger bound than the required p 3 .
Proposition 4.4. Let B ∈ Bl(G | D). Considering I as a subgroup of GL 2 (p) suppose we have
is a major subsection by [14, 3.17] . We know that
where b u is the corresponding factor block of The proof of this result is the same as that of the above, but we impose the fixed point free action rather than deducing it from a condition.
Calculating k(B) − l(B)
We are going to show that Brauer's k(B)-Conjecture holds under any one of the following conditions.
The defect group, D, is normal in
We do this by showing that under any of these conditions we fulfill one of the sufficient conditions (4.2), (4.3) proved above. This requires us to calculate k(B) − l(B). We use Brauer's formula [4 
The subsections are either major or non-major so we break this down into these two parts. We shall discuss the major subsections first.
Major subsections
In general, some of the questions we are trying to answer in this paper for extra special defect groups have not been answered for elementary abelian defect groups. In our situation we use the correspondence of factor blocks (see [14, 2.2] ) to reduce the study of (w, b w ) to the study of the corresponding factor block of C G (w)/ w with defect group δ(b w )/ w . In the case of a major subsection this gives a factor block with elementary abelian defect group of order p 2 . There are results for p = 3 (see next section) or if the defect group is normal or the whole group is p-soluble by M. Kiyota [18] . This leads to our imposed conditions on
But we first sketch the proof of an inefficient upper bound for l(b u ) when (u, b u ) is major. We know that the inertial quotient of the factor block b u is isomorphic to
as in the proof of Proposition 4.3 [14] . Hence we may assume that the inertial quotient is in SL 2 (p). Subgroups of SL 2 (p) act fixed point freely on δ(b u ) so the inertial quotient of any b u -subsection (apart from (1, b u ) ) is the identity. Hence, by [5, 7B] , for a b u -subsection we have only one irreducible Brauer character. We also know that all the b u -subsections are major since the defect group is abelian. So we have that
where n b u is the number of (major) subsections. We can apply Robinson's Theorem [26, Theorem 3.4(3)] (or as described in [14, 5.11] ) to get that k(b u ) p 2 and hence we can deduce that
Using Dickson's Theorem (2.5) and the Orbit-Stabilizer Theorem it is possible to show that for p 59, the smallest possible value of n b u is
We now show that under suitable assumptions we can do much better using the following theorem. 
Furthermore, if one of the following holds then we have equality:
• B is a principal block.
• The Schur multiplier of 
Suppose further that p > 5. Then
Proof. We prove this by applying the result above (4.6) to the corresponding factor block
Z . This block has elementary abelian defect group D = D Z , and the following holds
by the correspondence of factor blocks (see [14, Theorem 2.2] ) and the proof of [14, 4.3] . Furthermore,
Our conditions imply that either D C or that C is p-soluble. So, by 4.6, for Eq. (2) to hold it remains to show that any p -subgroup of SL 2 (p) has trivial Schur multiplier. This is a well-know result but we include a proof here for completeness (and that it is not easily accessible in the literature).
Let 
for j = 0, J = 1.
Since t is central, all the commutators have the form
All such elements commute so the derived subgroup consists only of elements of this form. Therefore, for an element of the derived group to be in the center we must have
where b = 0, 1. Hence a must be a multiple of n. From the assumed relations and the derived relation (r a ) s = t m r −a we have that
Finally, we have that
Hence the Schur multiplier of H is trivial and equality in Eq. (2) We conjecture that these are the values for the major subsections in general, but at present we have not been able to show this.
Non-major subsections
We now turn to the non-major subsections. Acting on the two dimensional vector space V , elements of the inertial quotient either act fixed point freely or they centralize a 1-space. In both cases they cause fusion, which reduces the value of k(B) − l(B) compared with that element not being in the inertial quotient. Only in the latter case does the presence of the element have the potential to increase the value of k(B) − l(B). Here we show that the sum from the non-major subsections is maximal when only one such element appears in I . Proof. From Proposition 4.7 [14] we know that a subsection is either major or its fusion is controlled by N G (D, b D ) . Hence we may assume
We can consider I acting on D/Z as the natural action of GL 2 (p) on a two dimensional vector space V as described above. To calculate G we need to know the number of orbits I has on V (excluding the orbit containing (0, 0)) and the value of l(b w ) for a representative subsection of each orbit. Let O w 1 , O w 2 , . . . , O w n be the orbits and let v w 1 , v w 2 , . . . , v w n be a representative from each. Then, by applying [14, 4.3] , G can be interpreted in the following way
We note that, since the action is linear, if an element of I centralizes a vector v w of V then it must centralize the whole 1-space V w generated by that vector. Without loss of generality we may assume that I contains a cyclic subgroup K of order c | p − 1 generated by Λ = However, in general we only know that K I , hence we know that n n C . Suppose that no element of I centralizes a 1-space other than V x . Then we have that
Hence we may assume that I contains a non-trivial centralizer of some 1-space V w * = V x .
Recall that Ψ is the natural projection from GL 2 (p) to PGL 2 (p). We note that Ψ (K) still has order c in PGL 2 (p). To complete the proof of this result we consider, for each value of c, each possible subgroup of PGL 2 (p) that Ψ (I ) could be. Note that, we know this has to be a p -subgroup by [7, 2L] .
For c = 1 the result is trivial, since C = p 2 − 1 is the maximum possible number of orbits and all the centralizers are trivial.
Let c 3 and assume that Ψ (I ) is either cyclic or dihedral. (By Dickson's Theorem 2.5 these are the only possibilities for c 6.) In these cases all possible Ψ (I )'s are contained in a unique
dihedral subgroup, N = N PGL 2 (p) (Ψ (K)) ∼ = D 2(p−1) of PGL 2 (
p). Since we know that Ψ (I ) is cyclic or dihedral and that c 3, we know that Ψ (K) Ψ (I ). Therefore
Ψ (K) Ψ (I ) N.
Hence I is contained in the full preimage of N which iŝ
First assume that Ψ (I ) is cyclic. Then, from above, I is contained in
By assumption, we know that I must contain a non-trivial centralizer of some 1-space
implies that either α = 1 or k = 0, and either δ = 1 or l = 0. Since l = 0 gives the 1-space V x and k, l = 0 forces α 0 0 δ to be the identity, we must have k = 0. Hence we may take w * = y and we may assume that I contains the element λ 0 0 1 where the order of λ ∈ F p , say c is less than or equal to c. From the above equations we see that I can only contain non-trivial centralizers for V x and V y . Any further elements of I just reduce the number of orbits and hence reduce the value of G so we may assume that
Now we can calculate G directly and we get
for all values of c c. Now assume that Ψ (I ) is dihedral. Then I is contained inN . If k, l = 0, then, by the above analysis, we know that there is no non-trivial centralizer of (k, l) in the subgroupK and since |N :K| = 2, we have that the largest possible centralizer of (k, l) has order 2, hence the maximum value of l(b x k y l ) is 2.
As we know that Ψ (I ) is dihedral (with a suitable choice of basis) we must have an element in I of the form orbits. Therefore we see that
Then we get
for c 3. Hence the proposition holds for all c 6 and for c 3 when Ψ (I ) is cyclic or dihedral. Now, let J = I ∩ SL 2 (p) = I . Then J acts fixed point freely on V , hence each orbit has size at least |J | by the Orbit-Stabilizer Theorem. Therefore we can bound the number of orbits and give an upper bound for G :
So we may assume that |J | < c 2 . We can give a similar bound for the order of I in the following way. By the Orbit-Stabilizer Theorem we have
for all 1 i n, and
So, we get a bound for the number of orbits and a bound for G :
Hence G C if |I | c 3 . So we may assume that |I | < c 3 . If c = 2, then we may assume that |I | < 8 and |J | < 4. First suppose that |J | = 1. Since we have trivial intersection with SL 2 (p), we know that I is a subgroup of a cyclic p − 1 group. With |I | < 8 this leaves C 2 , C 4 and C 6 , however in all of these cases only V x has a non-trivial centralizer. So the result holds in this case by the above. Now suppose that |J | = 2. Then up to conjugacy we have only one choice for I .
We can calculate G directly for this group. We have centralizers of order 2 on the 1-spaces V x and V y whose elements are in orbits of size 2. The remaining vectors are in orbits of size 4 with trivial centralizers. Hence
We can now suppose that |J | = 3. This gives us the two possibilities, C 6 and D 6 , for I . So let I be C 6 . Then the elements of order 3 are in SL 2 (p) so they act fix point freely and since they commute with Λ they fix the same eigenspaces. In this case we get orbits of size 3 in V x and orbits of size 6 elsewhere. This gives
Now suppose that I is isomorphic to D 6 . Then all the involutions are conjugate, so they all centralize a 1-space. We may assume that they are different 1-spaces as this gives the worst case for G . (However, it can be shown that for p > 3 the assumption is true.) Hence we have three 1-spaces with centralizers of order 2, whose elements are in orbits of size 3, and the remaining vectors are in orbits of size 6. This gives
Hence the result holds for c = 2. We consider the remaining cases, c = 3, 4 and 5 together. We first show that
and we have Ψ (I ) Ψ (J ). Now every element of Ψ (J ) can be written as
Hence we have Ψ (J ) Ψ (I ) and Ψ (I ) = Ψ (J ).
From Dickson's Theorem 2.5 we have the following table of remaining possibilities for I .
By considering the bound for the order of J calculated above, it remains to show that the result holds when c = 3 and J ∼ = Q 8 . Furthermore, by considering the bound for the order of I , we have that I ∼ = Q 8 3 ∼ = SL 2 (3). As above we can assume that the conjugates of Λ centralize different 1-spaces. We get the following
Hence the result holds for all values of c. 2
k(B)-Conjecture
We now prove the main result of this section. 
Suppose that 2 c
2 . Then (as p > 7) C is maximal with c = 2, hence we may assume that
Now for p > 3 we have that
Therefore, (4) and (5) (n B − 1)
Hence from 4.3 we have that k(B) p 3 . Now suppose that c = 1. Then we may assume that
For p > 5 we have that
by (4) and (6)
Since c = 1 we know that a non-major subsection Finally, suppose that c = p − 1. Then we have
For p > 7 we have
by (4) and (7) (n B − 1) 3p 2 4
Suppose that a non-major subsection (w, b w ) exists with l(b w ) = 1, then by [14, 4.5 ], Olsson's Conjecture holds and we may apply 4.2 to get k(B) p 3 . Now suppose that there does not exist a non-major subsection with only one irreducible Brauer character. This requires that all the 1-spaces in V have non-trivial centralizers. From the above analysis in the proof of 4.9 we know that Ψ (I ) must be dihedral as p − 1 > 6 and in the cyclic case we can only have two 1-spaces having non-trivial centralizers. For this case we calculate an upper bound in the proof above;
For p > 3 we have that
and similarly, by (4) and (8), we have that 
Special linear inertial quotient
where (u, b u ) is the major subsection contained in (D, b D ) . Furthermore, suppose that p > 5. Then
Proof. Since D G, we have D C G (u) for u ∈ Z. So, the above result 4.7 shows us that if p > 5, then l(b u ) p + 1. Therefore the second claim will follow from the first.
For the first claim we apply the Fong-Reynolds' Theorem (see Navarro [21, (9. 14)]) which allows us to assume that G = N G (D, b D ) . Now, since the inertial quotient is in SL 2 (p) and
Remark. We conjecture that this is the case without assuming that the defect group is normal, since 3.6 implies that the fusion is controlled by the inertial quotient of D, but we have not been able to prove it.
Lower defect group multiplicities
The theory of lower defect groups is extended by M. Broué and Olsson in [9] to subpairs and subsections. In this section we apply one of their results to examine the lower defect group multiplicities in the section of the identity. This gives us information about the value of l(B). We again assume the definitions from [14] or see Appendix A for a summary. Proof. First we calculate some lower defect group multiplicities in the section of the identity which we shall need later.
From Olsson's result [23, 8.3] we know that 
Let (P , b P ) ∈ Sp(B) be such that P = w and P is not conjugate to the center of D. Then by [14, Corollary 3.20 ] and Fong's Theorem, the block b P , considered as a block of N G (P , b P ) has defect Q = P × Z. Then, by [23, 5.11] , we have that
But, by [14, 3.20] , we know that m 
where Q ∈ [(G : P(D))] and Q is a maximal subgroup of D. By [23, 8.3] , we know that m We now put the calculations together. By [23, 5.4] we know that
where R ∈ [(G : P(G))] and b ∈ Bl (N G (R) | B) . We now apply 5.1 and the sum becomes
Lastly we rearrange the sums to get
We can now insert the values calculated above to get
We apply our earlier result on the major subsections to give an upper bound under a condition on C G (Z).
Corollary 5.3. Let B ∈ Bl(G | D). Assume that p 7 and that either C G (u) is p-soluble or that D C G (u). Then we have
Proof. From 5.2 we know that 
Remark. From the remark after 4.7 we know that the maximum values of l(b u ) for p = 3 and 5 are 5 and 7, respectively. So we have
We also note that in general, given an inertial quotient, we can calculate a better bound for l(B) − m (1) G,B (1) since we can calculate the maximum number of non-major subsections, their values and, often, a better bound for l(b u ). Furthermore, the maximum calculated above is strict, as to get a large value for l(b u ) some fusion must occur in the non-major subsections and having high values for l(b w ) in the non-major subsections causes more fusion. This can be seen in the proof of 4.9. Proof. By the Fong-Reynolds' Theorem (see Navarro [21, (9.14) ] for the version we use), we may assume that G = N G (D, b D ) . By definition (see [14] or Appendix), We note but do not prove the following. Since I is a p -subgroup of GL 2 (p) we can calculate the maximum value of m (1) (1) . Except possibly for small primes this is likely to occur in the cyclic subgroup of order p 2 − 1. This has p 2 − p − 2 such classes. When combined with the above result 5.3 this gives
when the defect group is normal.
p = 3, 5 and 7
For p = 3, 5 and 7 the main result (4.10) in the previous section does not apply because of the low values of p 2 − p and p 2 − p √ p − 1. So, here we present the raw data for each prime and each possible inertial quotient and examine which results will still hold with that data. The calculations were performed in Magma v2.8 (see [10] ) and we identify the isomorphism type of each inertial quotient (a p -subgroup of GL 2 (p)) using the Magma Small Group Database. Each group, I , is a assigned two numbers, the first is its order the second refers to its position in the database, SG I . We also give the isomorphism type of its intersection with SL 2 (p) labeled J and SG J . This does not uniquely determine each case as the action on the defect group may be different for isomorphic inertial quotients.
p = 3
For p = 3 we can apply the results of Kiyota [18] to give the values of the major subsections. However, this is when p 2 − p and p 2 − p √ p − 1 are smallest so we cannot cover every case. In Table 1 we give the calculated values of n B , l(b z ) (which hold by [18] 
) and k(B) − l(B).
Multiple values are shown where further fusion into the center may occur.
If a non-major subsection occurs with just one irreducible Brauer character, then Olsson's Conjecture (OC) holds by [14, 4.5 
] (S). This is always the case when
.10] (L). We can apply Corollaries 3.3 and 3.5(C) to determine some other cases where the conjecture is satisfied. We also give these in Table 1 , a tick means that Olsson's Conjecture holds in general for this inertial quotient, a list of numbers refers to the values of k(B) − l(B) for which we can deduce that the conjecture holds and a dash denotes that we cannot deduce that the conjecture holds for that inertial quotient. We shall include (S), (L) or (C) to indicate the required result. We shall use this notation throughout this section.
Furthermore, we can apply Propositions 4.2(i), 4.3(ii) and 4.4(iii) to the data above to give Brauer's k(B)-Conjecture (BC) in some cases. We present these in Table 1 
p = 5
In the case where p = 5 we do not have similar results for the major subsections as in p = 3. With the exception of the case where the inertial quotient of the factor block is isomorphic to C 2 and acts fixed point freely, for which we have l(b z ) = 2 by Kiyota [18, (5B) ]. (Hence we just show this value in Table 2 .) Therefore we present the upper bound for l(b z ), calculated as described in 4.2. However, if we assume that either C G (Z) is p-soluble or D C G (Z), then we can apply 4.7 to get much better, exact, values for l(b z ). We see below that this assumption is enough to show that Brauer's k(B)-Conjecture holds.
In Table 2 we show the calculated data as above but we include two columns for the major subsections. The first is without any assumptions, the second with the assumption that either C G (Z)
Conclusion
The main aim of this paper and in [14] was to consider Brauer's k(B)-Conjecture and Olsson's Conjecture, when the block has an extra special defect group of order p 3 . We have made progress in this area and review this in the following.
Exponent p 2 case
In the exponent p 2 case we were able to show, using local categories, that the fusion is controlled by the inertial quotient of the defect group [14, 5.8] . This allows us to calculate k(B) − l(B) explicitly with only knowledge of the order of the inertial quotient [14, 5.14] .
We showed that there exists a major subsection [14, 3.17 ] and a non-major subsection [14, 5.7] , both with only one irreducible Brauer character [14, 5.13 and 4.2] . Applying a theorem of Robinson, using the non-major subsection, we proved that Olsson's Conjecture holds [14, 4.6] . Another theorem of Robinson, this time, using the major subsection allowed us to show that Brauer's k(B)-Conjecture also holds [14, 5.13] .
We also obtained results on the value of l(B) using the theory of lower defect groups [14, 5.20] . To do this we proved a general result, which shows that any proper subgroup of the defect group that contains its own centralizer in the defect group, does not contribute to the value of l(B) [14, 5.16] . When a defect group is normal in G we were able to calculate the value of l(B) explicitly [14, 5.21] .
Exponent p case
For exponent p we do not, in general, have that the fusion is controlled by the inertial quotient of a defect group. However, it was possible to show that if we have more than 2 conjugacy classes of major subsections, then the fusion is controlled by the inertial quotient of a defect group. We also showed that for p > 7, there exists a non-major subsection.
We demonstrated that Olsson's Conjecture holds when the inertial quotient is inside SL 2 (p) [14, 4.10] and some other small cases using the same technique as before.
Brauer's k(B)-Conjecture was shown to follow in this case if one of three conditions is satisfied. In particular, it follows if a defect group is normal in the centralizer of its center or if the centralizer of its center is p-soluble. The difficulty in demonstrating that Brauer's k(B)-Conjecture holds stems from a lack of understanding of blocks with an elementary abelian defect group. This meant that we could not calculate the value of l(b) accurately for the major subsections without imposing certain assumptions. We believe the truth is that these assumptions could be dropped, but we have not been able to prove this. However, using the results in this paper, even a small improvement on the current results (like l(b) < p 2 /4) would be sufficient to obtain the k(B)-Conjecture in general in the case of an extra special defect group of order p 3 .
Further work
Showing that Olsson's Conjecture and Brauer's k(B)-Conjecture hold in the remaining cases for exponent p is not the only area for further work with regard to this project. A remaining problem for both exponents is to calculate m (1) G,B (1) . In fact, this is a problem for almost all blocks. We were able to do this in the exponent p 2 case when we have a normal defect group [14, 5.21] and we conjecture that this value holds for the more general case. In the exponent p case, even under the assumption that the defect group is normal, we were only able to calculate an upper bound.
We were not able to calculate k(B) and l(B) exactly. This would be an interesting area for further study and could be used to examine how sharp the k(B)-Conjecture is. In the exponent p 2 case we conjecture that the following will hold,
Where I is the inertial quotient of a defect group. In the exponent p case we conjecture that the following holds for p > 7,
It may also be possible to apply the work in this paper to obtain further results in the style of [18, §4] . In this paper, the elementary abelian 3 2 defect groups are assumed to be a Sylow p-subgroups of the group. Kiyota gives partial character tables, the heights of characters and a partial classification of such groups [18, [1] .
Looking further ahead we would want to prove results for all extra special groups as defect groups. Results of Green and Minh [13] with Mislin [19] show that the fusion in a principal block with an extra special defect group (excluding p 1+2 + and D 8 ) is controlled by the inertial quotient of the defect group. This may mean that the block is well understood once the fusion in the defect group caused by the inertial quotient of the defect group is understood. It is also likely that this will extend to the non-principal case.
Factor blocks
This section contains a well-known result that we used a number of times in the paper. It allows us, under certain conditions, to gain information about the block by studying a block with smaller defect group. We need the following definition before we give the theorem. Where x = xH ∈ G. 
We refer to the corresponding block as the factor block (in G). A proof of this theorem can be found in Nagao and Tsushima [20, §5, 8.11] .
Subpairs
We follow Olsson's [25] approach to subpairs. Since R is normal in RC G (R) it can be seen, from [21, 4.8] , that the definition forces R δ(b R ). Then, by [20, §5, 3 .3], we have R δ(b R ) D. We now define an inclusion of subpairs and subpair conjugacy. We denote the inertial quotient in the following way. Let
I G (R, b R ) := N G (R, b R ) RC G (R) .
Since N G (R, b R ) is a subgroup of N G (R) we know that I G (R, b R ) is a subgroup of the outer automorphism group of R.
Brauer nets
In [14] we showed how to determine the set, R ( These definitions can be seen to be equivalent to Brauer's [7] by considering [2, Theorem 3.10].
In We define conjugacy of subsections, as follows. The motivation for studying the subsections comes from the following theorem of Brauer. It will enable us to use subsections to calculate k(B). [20, §5, 3.3] . We denote the number of G-conjugacy classes of major subsections associated with B by n B .
We shall use lower defect groups to obtain more information about l(B) and get a definite value in the local case.
A.1. Lower defect groups
The following definitions come from Olsson [23] . The results are used in Section 5 and can also be found in Olsson's paper which we reference when used.
Definition A.11. Let P(G) be the set of p-subgroups of G and let Π(G) be the set of p-elements of G. We define the following ideals of the algebra Z(FG). Let R ∈ P(G) and r ∈ Π(G). Then let
Where S G p (r) is the p-section of r, this is the set of conjugacy classes of elements of G whose p-part is conjugate to r. In this case the multiplicity of R as a lower defect group of B is If m G,B (R) > 0, then we say that R is a lower defect group of B. We make a further refinement to say that the multiplicity of R as a lower defect group of B in the section of r is 
